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1 Improved data-quality checking
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Kaplan-Meier

Kaplan and Meier [1958] presented a non-parametric
estimate of the survival curve, tpx:

tp̂x =
∏
ti≤t

(
1− dx+ti

lx+t−i

)
, (1)

x is the outset age for the survival function,

{x+ ti} is the set of distinct ages at death,

lx+t−i
is the number of lives alive immediately before age

x+ ti and

dx+ti is the number of deaths occurring at age x+ ti.
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Kaplan-Meier is a step function

Mortality survival curves for home-reversion plans.
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Source: Richards and Macdonald [2024, Figure 19].
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Benefit 1: Data quality checks

Survival curves for Dutch pension scheme:
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Benefit 1: Data quality checks

Survival curves for Scottish pension scheme:
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Source: Richards and Macdonald [2024, Figure 12(a)].
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Benefit 1: Data quality checks

Survival curves for UK pension scheme seeking longevity swap:
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Kaplan-Meier estimator

Quickly becomes smooth for even small portfolios.

Useful for communicating with non-specialists.

Very useful data-quality check.
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Question

If this is so useful for actuarial work, why didn’t
actuaries invent it?

One did — Böhmer [1912] at International
Congress of Actuaries.

Besides his academic actuarial work, Böhmer also
worked for the German insurance regulator†.

†DGVFM [1957, page 134].
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Böhmer and Kaplan-Meier

Böhmer [1912, equation 4]:

Kaplan and Meier [1958, equation 2b]:

www.longevitas.co.uk 11/39

http://www.longevitas.co.uk


An explicitly actuarial method
Böhmer [1912, page 331]:

Event E1 is death, the others being disability claim (E2),
voluntary withdrawal (E3) and new entrant (Ē).

An−1 is the number of lives immediately before an event, An

is the number afterwards.

p̂48 =
284
285

.283
284

.282
283

.281
282

= 0.985965, so q̂48 = 0.0014035.
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2 A better match to reality
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Benefit 2: Matching reality

A binomial mortality model is like a coin toss.

A binomial trial must produce one of the two
events allowed: death or survival.

However, observation can be interrupted in real
world. . .
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Bulk transfers out

Number of in-force annuities at each date for a UK insurer:
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Source: Richards and Macdonald [2024, Figure 3(a)].
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Observation interruptus

Observation can be interrupted mid-year by:

Legal transfer of liabilities,

Transfer to new administrator,

Migration to a new administration system, or

Commutation of small pensions.
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Survival models

Survival models handle interrupted observations as
right-censored records.

Early exits are treated like survivors, just with an
earlier censoring date.
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Mid-year additions

A binomial mortality model assumes all lives are
known at the start of the year.

No facility for mid-year additions.

However, new entrants during the year are
routine. . .
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Continuous new business

Number of in-force annuities at each date for a UK insurer:
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Source: Richards and Macdonald [2024, Figure 3(a)].
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Benefit 2: Matching reality

Pension schemes and annuity portfolios are like
medical trials:
▶ Continuous recruitment (new retirals, surviving

spouses).
▶ Withdrawals/loss to follow-up (transfers out,

commutation).

Binomial models are not well suited to this. . .

. . .but survival models are.
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Censoring and left-truncation
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3 Modelling rapid changes in risk
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Benefit 3: Rapid changes

Continuous-time modelling gives far greater insight into
rapid changes.
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Mortality levels over time

Period effects after allowing for age, sex and pension size:
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Source: Richards [2022b, Figure 17(a)].
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4 Better management information
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Benefit 4: Management information
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Management information
Mortality hazard using June 2020 extract:
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Source: Richards and Macdonald [2024, Figure 15(a)].
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Management information

1. No sign of pandemic mortality by June 2020.

2. Problem of delays in reporting deaths
(IBNR/OBNR). . .
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Management information
Estimated proportion of deaths reported for two annuity portfolios:

1 0.8 0.6 0.4 0.2 0

0.2

0.4

0.6

0.8

1

Time in years before first data extract

P
ro
p
.
d
ea
th
s
re
p
or
te
d

UK insurer
French insurer

Source: Richards [2022a, Section 4].

www.longevitas.co.uk 29/39

http://www.longevitas.co.uk


Management information

1. Estimate the delay function.

2. Use this to “gross up” estimate of current
mortality.

3. Bańbura et al. [2013] call this a “nowcast”. . .
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Management information
Mortality hazard:
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Source: Richards and Macdonald [2024, Figure 15].
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5 Conclusions
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5 Conclusions

With continuous-time methods actuaries can:

1. Improve data-quality checking,

2. Match the reality of business processes,

3. Model rapid changes in risk, and

4. Get timelier management information.
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